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Motion of an Elastic Beam Supporting
a Moving Rigid Body
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Introduction

IGURE 1 shows a system S consisting of an elastic beam B

of length L supporting a moving rigid body C. C and C are
support points fixed in C, and P and P are points of the neutral axis
of B, momentarily in contactwith C and C, respectively. C is made
to move with respect to B with the aid of an actuator fixed to C at
C. The actuator applies a tangential driving force of magnitude F
to Bat PandtoC atC.

Similar systems are frequently encounteredin mechanics. Cranes
carryingcarts, cannon firing rounds, and printers carrying cartridges
are examples. A recentexample of interestis the central truss of the
International Space Station (ISS) carrying the mobile transporter
(MT). In all of these examples, the motion of the rigid body along
the beam induces vibrations that could considerably affect the per-
formance of the entire system.

Systems involving sliding motions of elastic bodies were inves-
tigated in the past. Examples are the deployment of elastic bodies
fromrigid bases' and motions of elastic beams over fixed supports 2
To date, only Tadikonda® and Bhatta et al.* have addressed the prob-
lem of two elastic bodies sliding with respect to one another. These
authors generated constraint equations, which they imposed on the
equationsof motion of the unconstrainedsystem. It seems that terms
associated with geometric stiffening’ have not been employed and,
hence, that the validity of the indicated works is limited to slow
motions.

It is the purpose of this work to study motions of systems of the
type in question with the aid of numerical integration of the govern-
ing equations, includingterms associated with geometric stiffening.
To this end, B and C are regarded momentarily as undergoing an
unconstrained motion. Motion equations of the unconstrained sys-
tem are formulated with the aid of the assumed mode method. In
addition, constraint equations are formulated and the fact that P
and P are not fixed in B, whereas C and C are fixed in C, is taken
into account. The two sets of equationsare combined in conjunction
with Kane’s equations for constrained systems,S producing the req-
uisite equations of motion. The latter are applied to two systems of a
different character. One comprises the ISS and its MT in a speedup
maneuver and another comprises a cannon barrel and a round in a
firing process.

Equations of Motion

Suppose that B and C in Fig. 1 undergo a planar, unconstrained
motion, that is, there is no contact between B and C. A reference
frame A is defined along with a;, ¢;, and n;, i =1, 2, 3, three triads
of dextral, mutually perpendicularunit vectors fixed in A, C, and N,
a Newtonian reference frame, respectlvely, so thatas, ¢z, and n3 are
normal to the plane of motion. B and B are the endpoints of B; a,
is aligned with /4, a line tangent to the neutral axis of B at B; and
¢, is aligned with I¢, a line passing through C and C. Here qy+3
and g, ;¢ are angles measured from n; to a@; and from n, to ¢; in
accordance with the right-hand rule. Furthermore, if P is a generic
point of B whose position in A is given by pBP =&a, +y(, Na,,
then the assumed mode method makes it possible to describe the
elastic deformationof B at P as
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Fig.1 Rigid body in contact with an elastic beam.

where ¢; (§) is a function of £ called the jth modal function, g; is a
function of time called the jth modal coordinate,and v is a number.
One may now associate with the unconstrained motion of S in N

generalized speeds u, , 1, . .., u, . ¢ defined such that
B A
Ve = Uyl Uy ol ®° = Uy 4303 (1)
¢ _ c _
Vo = Uy alty + Uy 5T, W =U, M3 ()

where, for example, vZ is the velocity of B in N and w” is the
angular velocity of A in N. Accordingly, if C* is the mass center of
C whose positionis givenby pc¢* = p ¢, + p,c,, thenthe velocities
of P and C* are given by
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where ¢, 3= c0sq, 13, 5,13 =sing, 13, and u; is the time deriva-
tive of ¢;, j=1, ..., v. These expressions are obtained with the
aid of Egs. (1) and (2), respectively. The quantities €;;(£), j,i =
1, ..., v, are associated with correct linearizationof v* and, in con-
nection with the inextensible Euler-Bernoulli beam, are shown by
Buffinton and Kane? to equal
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Defining ¢, +; and g, +, as the Cartesian coordinatesAof Bin N,
and ¢, ;4 and q, ;5 as the Cartesian coordinates of P in N, one
hasu, =q,,r=v+1,...,v+6,whereq, 3 and g, , 4 are the an-
gles defined earlier. These definitions suffice for the generation of
generalized inertia forces for B.

Now, the system is subjected to a number of active forces, as
follows. First is the driving force F exerted by C on P, This force is
defined as F = f(1)br(x), where br(x) is a unit vector tangent to
the neutral axis of B at C and is given by

by (x) = cos[y'(x)]a; + sin[y'(x)]a, (6)

where ¥ (x) =tan"![y’(x)] and x is defined as the a; measure num-
ber of p2?, the position vectors from B to P, namely, p2? = xa, +
y(x)a,. Second are gravitational forces aligned with a unit vector n
defined as n =sin(¢)n, — cos(¢)n,, where ¢ is the angle shown in
Fig. 1. Third are elastic forces derivable from the potential function
EJL(gix;+ -+ +4¢20%) /2, where EJ is the bending rigidity of
the beam and A; is the jth eigenvalue of the characteristic equation
of an Euler-Bernoulli beam, chosen to be in a clamped-free config-
uration (the motion of B in A resembles the motion of a cantilever
beam). Fourth are damping forces derivable from the potential
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function cL(u? + - -- +u2)/2, where c is the modal damping, as-
sumed to be identical for all modes. These definitions underlie the
generation of generalized active forces for B.

Sums of the generalized active force and the generalized iner-
tia force F, + F', r=1, ..., v+ 3, for B can now be formed. For
r=1,...,v,theyread
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where m p is the mass of B and, for j,i=1,...,v
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Note that ;;(x), j,i =1, ..., v, appearing in Eqs. (7) are defined
as in Eq. (5) with x replacing £. Since de;; /dx = @ (x)$;(x), then

de(x)j;
dr

equations, which can be integrated to produce ¢&j;(x), j,i=
1,...,v.

Expressionsfor F. + F*,r =v+4,v+5, v + 6, associatedwith
the motion of C can be formed straightforwardly if use is made of
Eqgs. (2) and if account s taken of the driving force F and the grav-
itation force mcgn. In conclusion, the motion of the unconstrained
system is governed by the dynamic equations

=x¢;(0)$;(x) (.i=1,...,v) ®)

F+F'=0 (r=1,...,v+6) 9
and by the kinematic equations
q, =u, (r=1...,v+6) (10)

Constraint Equations

As indicated, C slides along B so that points C and C of C come
momentarily into contact with points P and P of B. Hence,

o€ =vPy . by(x =D =0 (11)
0C —vPY by(x) =0 (12)

where, for example, vC is the velocity of C in N and by(x) and
by (x — D’) are unit vectors perpendicularto the neutral axis of B
at P and P, respectively, given by

by(x — D) = —sin[y'(x — D")]a; + cos[y'(x — D)]a, (13)
by(x) = —sin[y’(x)]a; + cos[y'(x)]a, (14)

where D' = D cos(q, 1 ¢ — ¢4, 3) and D is the distance from C to C.
Expressionsforv” andv® canbe derived fromEq. (3)if € isreplaced
with x — D and x, respectively. Then substitutionsin Egs. (11) and
(12) give rise to two relations between generalized speeds, which,
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when solved for u, s and u, ¢ and linearized in ¢, and u,,r =
1,...,v,andin[q, ¢ — ¢, +3 — Y (x — D")] about zero, lead to the
following constraint equations:
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where f,, ;= tang, ;3 and y"(x) =[y'(x) —y'(x = D)]/D. D in
Y'(x — D) replaces D’ because the difference between y'(x — D)
and y'(x — D) comprises a third-orderexpressionin the modal coor-
dinates. Moreover, the variable x defined earlier is not independent.
In fact, its time derivative is given by

=0 =v") b (x) (17)

or, if expressed explicitly,
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j=1i=1 j=1
X (Uypy = Uyia) = [Sy43+Cp3Y ()]
X (Uy o = Uyys) + [Y(x) = xy ()], 43 (18)

akinematicequationadditionalto Egs. (10). Equations (15) and (16)
can be used, in conjunction with Egs. (9) and Kane’s equations for
constrained systems® to obtain equations governing motions of the
constrained system. These were formed and integrated numerically
to obtain the following results.

Simulations

ISS and Its MT in a Speedup Maneuver

Thomas and Stubbs’ developeda continuumequivalentrepresen-
tation of the space station truss. Suppose that, accordingly, a beam
with a bending rigidity of EJ =10° N-m?, a damping coefficient
of ¢ =0.1kg — m™! —s~!, and mass of 3000 kg representsthe truss.
Also, suppose that the transporter carrying a load of 1500 kg with
a mass center located at p; =—5 and p, =7 m, is initially placed
so that x(0) = L/2 and is acted on by a driving force of magnitude
F =10 N for 2 s. Then x becomes 0.025 m/s, the maximum trans-
porter speed qllowed.8 In Fig. 2, y(L, 1), the elastic deflection of
the endpoint B, is shown for D = 10 m (thick line). A time behav-
ior indistinguishablefrom that in Fig. 2 is obtained if the indicated
equationsare linearizedin all of the variablesexceptu, ;. and u, 4 4
and if the terms associatedwith ¢ ;; (x), j,i =1, ..., v, are dropped.
It can be concluded that analyses such as these in Refs. 3 and 4 can
yield satisfactory results even if terms associated with geometrical
stiffening are disregarded.

0.1

0.05r

0 20 40 60 80 100
t [sec]

Fig.2 Truss end deflection during transporter motion.
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The thin line in Fig. 2 describes y(L,t) for D =0.1 and p, =
—0.05 m and shows that the elastic behavior of the beam is only
slightly dependenton changesin D. This is also the case if the mo-
ment of inertia of the MT is ignored. Thus, meaningful approxima-
tions can be obtainedif the transporteris assumed to be a particle lo-
cated at C*, an assumption that considerably facilitates the analysis.

Cannon Barrel and a Round in a Firing Process

A different state of affairs arises in connection with motions of a
cannon firing a round. The barrel is initially deformed due to gravity
and is further deformed during the firing process. Moreover, the de-
formationrate involvedis high becausethe travel time of the roundin
the barrel is on the order of a few milliseconds. Fire control systems
with a typical bandwidth of 20 MHz, which are well suited to deal
with the rigid-body motion of the barrel, cannot deal with the elastic
deflections in question. However, one can evaluate the deformation
and use prefiring corrections, usually referred to as superelevation?
The following analysis is directed toward such an evaluation.

Consider a 155-mm Howitzer M198 (Ref. 10) with a 6-m-
long barrel. The bending rigidity of the barrel is approximately
EJ =6 x 10° N-m?, and its mass is 380 kg. Suppose that the muz-
zle speed is 800 m/s. This means thatif a round weighs 45 kg a force
of magnitude F = 2.4 x 10 N is exerted on both the round and the
barrel, providing the round with a 5000-g acceleration.

Suppose that a spring of rate k and a damper of rate b represent
the recoiling system exerting a force _(kquj—l + bu,,)a, on B
and that a driving force F¢, is exerted on C (or equivalently, on
C) and, simultaneously, that a force —Fa, is exerted on B. Then
Eqgs. (9),(15),(16), and (18) canbe used to simulate the motion of the
system (in conjuction with Kane’s equations® for constrained sys-
tems) if Egs. (9) are slightly modified to account for the recoiling
force and the (differently defined) driving force. Also, equations
associated with u, , , and u, , 3 are discarded, and two additional
constraint equations are imposed on the motion, namely, u, ., =0
and u, ;3 =0, and are used to eliminate u, ,, and u, , ; and their
time derivativesfrom Egs. (9), (15), (16), and (18). If Egs. (9) are lin-
earizedin all of the variablesexceptu,, .y andu, 4, andifg, .3 =0,
they reduce to

« . - Hjiq; \ .
F;+F; =—mB|:Gjuj— (Z’T)uw} — EJLq;\!

i=1
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and so on. Moreover, if Egs. (15), (16), and (18) are linearized
similarly, then
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Initiallyu; =u; =0, j=1,...,v+ land F =0. Substituting these
relations in Egs. (19) and (20), one obtains
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Fig.3 Barrel end deflection.
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Fig. 4 Barrel end rotation.

mpgsp —kq,1(0) =0 (25)

from which ¢;(0), j=1,...,v+1, and, hence, y(L,0) and
y'(L, 0) can be deduced. For D =0.4, p; =—0.25 and p, =0 m,
k=4 x 10°N/m, b = 13,000N-s/m, ¢ = —0.5 rad, and v = 6, Figs. 3
and 4 show y(L, t) and y'(L, t), respectively, obtained with (thick
lines) and without (thin lines) the terms associated with ¢, (x), J,
i=1,...,v. It may be concluded that, although these terms af-
fect the simulation results considerably, they cannot be associated
with either the stiffening or softening effects alone. The thick lines
in Figs. 3 and 4 seem to indicate first stiffening and then soften-
ing of the beam as compared with the stiffness implied by the thin
line. Interestingly, it turns out that ; < 0 and ii; < 0 throughoutthe
simulated time; hence, u; temporal behavior cannot be directly as-
sociated with the changes in the apparent barrel stiffness. Figure 4
shows that an elevation correction (superelevation) of 10 mrad can
improve the first-roundhit probability considerably. Additional runs
with smaller D and /- show that results similar to those shown in
Figs. 3 and 4 are obtained. It may be concluded that, as before,
the round can be replaced with a particle, facilitating the analysis
considerably.Itis finally suggested that the ¢ ; (x) -associated terms
will be called geometric stiffness terms rather geometric stiffening
terms.’ These terms may cause stiffening as well as softening of the
structure involved.

Conclusions

The motion of an elastic beam supporting a moving rigid body
was investigated with the aid of numerical integration of the gov-
erning, partially linearized equations of motion. Two cases were
investigated. One case comprises an extremely flexible beam and a
slow moving body: Then the geometric stiffness terms in the motion
equations can be ignored. Another case comprises a stiff beam and
a fast moving body: Then the indicated terms change the dynamic
behavior considerably, while causing only slight changes in the ap-
parent stiffness of the beam. In both cases, meaningful results are
obtained if the bodies are replaced with particles located at their
mass centers.
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Near-Optimal Deflection
of Earth-Approaching Asteroids

Bruce A. Conway™
University of Illlinois at Urbana-Champaign,
Urbana, Illinois 61801

Introduction

HE spectacular collision of the Shoemaker-Levy 9 asteroid

with Jupiterin July 1994 was a dramaticreminderthat the Earth
has and will continue to experience catastrophic impact events. Al-
though the frequency of such massive collisionsis very low, smaller
objects collide with the Earth regularly and do damage that would
be intolerable in any populated region. A consensus is developing
that, although the probability for collision is low, the potential for
destructionis immense and, thus, some resources should be devoted
to threat detection and possible interdiction.

The population of known Earth-crossing asteroids is large and
continuously increasing by virtue of discovery. As of late 2000,
275 Earth-crossingasteroids (ECAs) that may be termed potentially
hazardous are known.! For the prevention of a catastrophic impact,
the asteroid must be intercepted, at the earliest possible time, and
then deflected or destroyed. One strategy may be to detonate a large
nuclear weapon at or near the surface of the asteroid or comet,
vaporizing part of the surface and yielding an impulsive velocity
change because of the momentum imparted to the ejected mass.>?

In a previous Note this author found optimal, that is, mini-
mum time-of-flight, trajectories for the interception of dangerous
asteroids* Low-thrust, high specific impulse propulsion was as-
sumed because of the significant advantages it provides in propul-
sive mass required for a given mission. (An important conclusionof
the previous research was that the much greater efficiency of low-
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thrust electric propulsion would yield a payload mass for the mis-
sion of approximately 12% of launch vehicle mass compared with
only about 3% using conventional chemical propulsion.)

In this companion Note, the emphasis will be on the process of
optimizing the deflection of the dangerous asteroid, at the time of
its close approach to Earth, by a given impulse applied at an earlier
time. We will again assume that a collision (or near-collision) is
imminent, that is, will occur before the asteroid has made another
complete revolution about the sun. For most of the known ECAs
this means a period of a few years at most to take some type of
preventative action.

If the time betweenapplicationof the deflectionimpulse and close
approach, At, is very brief, the deflection A can be approximated
assuming rectilinear motion, yielding A = (Av) (At) (Ref. 2). The
opposite case, in which the asteroid will make more than one orbit
of the sun beforeits close approach to Earth, is an interestingone for
which the relationship between the impulse and resulting deflection
is much more complicated. Park and Ross show that for this case the
best place to apply a deflecting impulse is at asteroid perihelion?
Their analysisis one of very few to optimize explicitly the deflecting
impulse, for arbitrary At, assuming Keplerian motion. However,
their solution is two dimensional, that is, it assumes the asteroid
orbits the sun in the ecliptic plane. However, 104 of the 275 known
potentially hazardous ECAs have inclination greater than 10 deg,
and 49 have inclination greater than 20 deg (Ref. 1).

The intention of this work is to show that a near-optimal determi-
nation of the direction in which an impulse should be applied to the
asteroid, as well as the resulting deflection, can be found without
any explicit optimization. The method is easily applied to the true,
three-dimensional geometry of the problem.

Maximization of the Deflection

The objective is to determine the direction in which a given im-
pulse should be applied to the asteroid at interception to maximize
the subsequentclose-approachdistanceof the asteroid (to the Earth).
At the time of interception, 7, the system state transition matrix
®(t, ty) determines the perturbationin position 7 and velocity dv,
which will result at time 7 due to a perturbation in position and
velocity applied at 1, (Ref. 6), that is,

SF o 8ro | R R][ 87 W
55 | = P10 st | |7 vl 8w

Therefore,
87 (1) = [R187y (to) 2)
and
[R] = (ro/w)(1 = F)[(F = Fo)By” — (0 — 5)Fy” |
+(C/uyvvl + G[I]
F=1-(/p)(1—cosh),

G = (1//[(rro/+/P) sin] 3)

where p is the orbit semilatus rectum,
C = (1/Jm[3Us = xUs = Vit = 1) Us]
X = a(E = Ey),

cosO =1 -1o/rry

a=1/a

Here a is the orbit semimajor axis, E is the eccentric anomaly,
is the gravitational parameter, and U, (x, o), U>(x, @), Us(x, ),
Ui(x, ), and Us(x, o) are the universal functions®

We want to maximize |67 (¢.)| = max([ R]6v,) where the time of
interest z. is the time of close approach to Earth. Equivalently, we
may maximize SDUT [R]T[R]8v,. This quadratic form is maximized,
for given|8vo|,if 80y is chosen parallel to the eigenvectorof [ R]” [R]
that is conjugate to the largest eigenvalue of [R]”[R]. This yields
the optimal direction for the perturbing velocity impulse vy, which
will be expressed on the space-fixed basis because this is the basis



